In this paper we show that the worldline reparametrization for particles with higher derivative interactions appears as a higher dimensional symmetry on the phase space. In the limit of infinite order time dervatives, the fields on the worldline get naturally promoted to those living on a two dimensional space, and the reparametrization symmetry is locally the same as the conformal symmetry.
Introduction
Due to technical difficulties, physicists have been reluctant to consider higher derivative interactions. Yet they are unavoidable in many important physical problems. In string theory, for example, we do not fully understand how to deal with higher derivative terms in the worldsheet action as they are nonrenormalizable, even though such background interactions should exist.
In fact, even for particles, higher derivative interactions are not well understood. In this paper we study a very basic property of particle worldline theory -the reparametrization symmetry, for worldline Largrangians with higher derivatives. We find that, remarkably, while the phase space of higher derivative theories are of higher dimensions, the reparametrization group acting on the phase space is also of higher dimension. Furthermore, in the limit of infinite order time derivatives (nonlocal theories), the reparametrization group is locally equivalent to the conformal group of two dimensions. It will be very interesting to see whether a new class of well-defined conformal field theories can originate from nonlocal worldline theories.
The plan of this paper is as follows. We first review the worldline theory of a charged particle and define its higher derivative generalization (sec.2). Then we show that both the phase space and the reparametrization group are of higher dimensions for higher derivative theories (sec.3). In the limit of infinite derivatives, the reparametrization group becomes the conformal group (sec.4). After giving an example (sec.5), we comment on the connection to the string theory and the generalization of general covariance, as well as on the issue of stability (sec.6).
Worldline Lagrangian
Let us start by reviewing the worldline theory of a charged particle moving in curved spacetime with metric g µν
where e = e(τ ) is the tetrad of the worldline and φ is the potential term. For particles of mass m without external potential, φ = m 2 . The action is invariant under the reparametrization of the worldline parameter τ
It induces a transformation of the worldline fields e and x δe = d dτ (ǫe), and δx = ǫẋ.
The symmetry of general coordinate transformation in the gravitational theory is reflected in the particle theory as the invariance of the action under a field redefinition x µ → x ′µ (x) and a simultaneous transformation of the coefficients g µν and A µ . The U(1) symmetry of the gauge potential A µ , on the other hand, appears as changing the Lagrangian by a total derivative. The generator of the reparametrization symmetry is the Hamiltonian H. In the usual covariant quantization scheme, we fix the gauge by setting e = 1 and impose the constraint H = 0.
Let us now consider the worldline Lagrangian in its full generality. The most general particle Lagrangian L(x,ẋ,ẍ, · · · ; e) is an arbitrary function of x µ and all of their time derivatives. We can expand L by the number of time derivatives as
where
is the covariant derivative of τ . For a given order n of D and a set of integers P (n) = {P k ≥ 0; k = 1, · · · , n} satisfying n k=1 kP k = n, there is a spacetime field A (P 1 ,···,Pn) (x) coupled to the particle by the interaction
invariant under (3), where m = n k=1 P k .
Reparametrization Symmetry
We start with Lagrangians (4) involving only finite order time derivatives. Assume that the Lagrangian (4) is a function of {x (n) ; n = 0, 1, ·, N}, where we used the notation
, and that it is nondegenerate. To apply canonical quantization, we can introduce new variables x 1 , · · · , x N −1 and add
to the Lagrangian, where λ i 's are the Lagrange multipliers. This trick allows us to replace x (n) by x n for n = 1, 2, · · · , N − 1 in the Lagrangian, which then becomes a function of x 0 , x 1 , · · · , x N −1 andẋ N −1 , with only first time derivatives. Dirac's constrained quantization can be applied straightforwardly.
The equations of motion of the x's are differential equations of order 2N, which require 2N initial data to determine a solution. One can think of the phase space as the space of initial conditions given at τ = 0. Hence the phase space for each x is 2N dimensional.
The fact that we have a larger phase space for higher derivative theories has significant implications. Consider the worldline reparametrization symmetry (3). Taking its k-th derivative and evaluating it at τ = 0, we get
Although these expressions follow directly from (3), they are independent transformations on the phase space for k = 0, 1, 2, · · · , N − 1, since x,ẋ, etc. are independent variables. Eq.(8) defines N independent transformations with parameters
Naively, even for k ≥ N, eq.(8) still looks like a transformation on the phase space. But it is inconsistent to treat them as independent transformations because they do not preserve the Poisson structure. In other words, it is impossible to find operators to generate these transformations.
The above can be derived more rigorously as follows. We add (7) to the Lagrangian and replace x (n) 's by x n 's. The Lagrangian now has only first derivatives of x. In order for L ′ to be invariant under the reparametrization, we need
The 2nd transformation law in (9) agrees with (8) and can be conveniently summarized as
where we only need the first N terms in the Taylor expansion
Note that λ n is identified with p n−1 , the conjugate momentum of x (n−1) , in the constrained quantization. So (9) also tells us how the momenta transforms.
The N symmetry generators corresponding to ǫ (k) are
We see that the reparametrization symmetry is N dimensional for a particle theory with N-th time derivatives.
Conformal Group
In this section we will take the limit of infinite derivatives
In specific examples, one should be careful about how to take the limit when the infinite derivative theory is defined by a sequence of Lagrangians with finite order derivatives. Different limits may correspond to different theories, which may or may not be well defined. We take the viewpoint that these issues should be addressed in specific examples.
To deal with Lagrangians with infinite derivatives, an interesting proposal [1] is to introduce an auxiliary coordinate σ as follows. For x(τ ) we introduce X(τ, σ) and impose the constraintẊ
X. This guarantees that X can be identified with the original variable as X(τ, σ) = x(τ + σ). Since the generic action (4) also involves higher derivatives of the tetrad e(τ ), it should also be promoted to E(τ, σ), satisfying a constraint like (14). The covariant derivative D (5) will be replaced by 
to L 1 . This can be obtained as an N → ∞ limit of (7). The new Lagrangian L ≡ L 1 +L ′ does not have any higher time derivatives, but only higher derivatives of the auxiliary coordinate σ. The worldline reparametrization (2) of the original Lagrangian L 0 induces the reparametrization of σ δσ = −ǫ(τ + σ),
leaving τ invariant. The derivative D σ and the scalar field X should be invariant under (16), that is, f (τ, σ) = (f + δf )(τ, σ + δσ) for f = D σ and X. It follows that the transformation of E(τ, σ) and X(τ, σ) are given by
To have L 1 invariant under (16), we also need the measure of integration E(τ, σ)dτ ∧dσ to be invariant, which can be easily verified. For L ′ to be invariant, we need
In addition, we need to impose certain boundary conditions at the boundary values of σ (denoted σ 0 , σ 1 ) such that
The boundary condition can be chosen to be
This is also an appropriate condition to guarantee that the equation of motion for the new Lagrangian L is equivalent to the original equation of motion. By varying X and λ in the new Lagrangian L, we get (14) anḋ
where (EOM) is the expression for the equation of motion for the original Lagrangian L 0 , but with x replaced by X, etc. Using (14) we can replace X(τ, σ) by x(τ + σ), but (22) does not guarantee that (EOM) = 0. Instead, because (EOM) is a function of (τ + σ) only, (22) implies that
for an arbitrary function f . Applying the boundary condition (21) to it, we find two identities valid for all τ . They imply λ = 0 and (EOM) = 0 as we hoped. As the reparametrization symmetry (16) is labelled by a one-variable function ǫ at τ = 0, it is locally the same as the conformal symmetry in two dimensions. This is one of the major results of this paper.
A redefinition of the
In principle the quantum anomaly can appear in the large N limit, but we need further details of the theory in order to treat it with some rigor. In the example below, we will choose suitable variables on the phase space so that the complete Virasoro algebra is manifest, and the quantum anomaly can be calculated.
Example
For simple examples, we study the "free field" theory of order 
If this higher derivative theory is equivalent to a system of coupled simple harmonic oscillators, these conserved charges are equivalent to the conserved energies for individual normal modes. The total Hamiltonian of all harmonic osillators is a linear combination of the Q m 's.
For the special case where the equation of motion is of the form
the solution of x is a combination of oscillation modes
For simplicity we will assume that the spectrum is not degenerate, i.e., ω m = ω n whenever m = n. A quadratic Lagrangian is determined up to an overall constant. The commutation relation is given by
Let us further specify the spectrum as ω n = n for n = 0, 1, 2, · · ·, and take the infinite N limit. The corresponding equation of motion (26) can be obtained from the Lagrangian (25) with the coefficients a mn = δ mn a n with a 0 = 0, a 1 = −1 and
for n ≥ 1. The general solution is
With the normalization in (29), eq. (28) becomes
in the large N limit. The worldline reparametrizations which preserves the solution space of x (30) as well as the symplectic structure are generated by
They induce the transformation on x
which can be realized as commutators by defining
where we denotedα 0 =p 0 . Thinking of L k 's as the diffeomorphism generators on a circle of radius 1/2, the α m 's represent periodic modes for even m and anti-periodic modes for odd m.
and it can be embedded as the subalgebra generated by
with central charge c = 1.
Remarks
Connection to String Theory: Naively, higher derivative particle Lagrangians can be related to the boundary string field theory [2] as the open string worldsheet Lagrangian in the zero metric limit. If this interpretation is acceptable, the boundary string field theory can be interpreted as the theory over "the space of all particle theories" instead of "the space of all open string worldsheet theories". One can also view strings as a convenient technique to summarize the infinite degrees of freedom of particles with nonlocal interactions. However, it is hard to make this story rigorous due to the technical problem that higher derivative terms in the string worldsheet action are nonrenormalizable.
Another possible connection with string theory is to generalize the Seiberg-Witten (SW) limit [3] for open strings ending on D-branes in a constant B field background. Since the open string vertex operator for the U(1) field interaction involves only the first time derivative, only the zero mode of the string survives in the SW limit. If other open string vertex operators with higher derivatives are considered, more degrees of freedom of the string will survive the analogous SW limit, if it exists.
Symmetry of Spacetime Fields
In the infinite derivative limit, we can generalize the story of general covariance and U(1) symmetry mentioned in the paragraph below eq.(3) in sec.2. The particle Lagrangian (4) is invariant under a simultaneous worldline field redefinition
and a complicated, mixed transformation of the fields A (P ) . (The transformations generated by Q m in sec.5 is the residual symmetry of (37) for the quadratic background.) This defines a generalized notion of general covariance. Similar tranformations for the string coordinates has been used to construct string field theory [4] , and it would be interesting to see if they have any connection with the higher spin gauge theories [5] .
Generalization of the U(1) symmetry is straightforward. The Lagrangian is always defined only up to a total derivative d dτ Λ(x,ẋ,ẍ, · · ·), which induces a gauge transformation of the A P (n) 's.
Stability Problem
Higher derivative theories are known to have various problems such as stability and causality. Since the notion of causality may be changed at the Planck scale where spacetime is fuzzy, we will only comment on the problem of stability. Theories with higher derivatives of finite order suffer the Ostrogradskian instability because the canonical Hamiltonian is always unbounded from below [6] . For low energy effective theories, the perturbative formulation [7] might be a convenient way to avoid these problems. On the other hand, stable nonlocal theories must exist. At least those theories obtained from integrating out certain physical fields of a stable field theory should still be stable.
In this paper we studied worldline theories with higher derivatives. Although the Hamiltonian is constrained to vanish, and thus is not unbounded from below, an attempt to couple it to other physical systems may still lead to instability. Strictly speaking, this work should be based on nonlocal theories without the problem of instability, rather than taking a limit of higher derivatives. We hope this paper may serve as part of the motivation for the task of understanding how to construct sensible nonlocal theories.
